Extension of the fractional di usion equation to two or three dimensions is not as simple as extension of the second-order equation. This is revealed by the solutions of the equations: unlike the Gaussian, the most general stable vector cannot be generated with an atomistic measure on the coordinate axes. A random combination of maximally skewed stable variables on the unit sphere generates a stable vector that is a general model of a di using particle. Subsets are symmetric stable vectors that have previously appeared in the literature, and the well{known multidimensional Brownian motion. A multidimensional fractional di erential operator is de ned in the process. PACS numbers 05.40.+j, 05.60.+w, 47.55.Mh, 02.50.Cw 
Introduction
Di usion equations that use fractional derivatives are attractive because they describe a wealth of continuous time random walks (CTRW 1]) that are good models of transport in real systems 2, 3, 4, 5] . Solutions to the fractional di usion equations are L evy motions, a generalization of Brownian motion using -stable distributions 6]. L evy motions are scaling limits of random walks with power-law transition probabilities, and their sample paths are random fractals 7] whose dimension coincides with the order of the fractional derivative. Therefore, a strong motivation driving the speci cation of the fractional derivative operator is that the Green's function of the generalized di usion equation is the full family of stable laws. A number of the derivations have been limited to special cases such as purely symmetric 8, 9] or maximally skewed 10, 11] particle transitions. More general derivations 4, 5, 12] recognize the need for weighted forward and backward fractional derivative operators in one-dimensional space.
We require an extension to higher dimensions, since problems of fractional di usion are common in two and three dimensions. An asymmetric fractional derivative operator, which is a weighted average of directional derivatives in each radial direction, allows us to generate the full range of L evy-stable motions. Since these processes can easily accommodate drift, we call these Fokker-Planck equations \fractional advection{dispersion equations", noting that only the dispersion derivative is fractional, and that the fractional di usion equation is a subset. We now use the term dispersion to include molecular di usion and hydrodynamic dispersion 13]. We also concentrate only on spatially fractional dispersion, since extensions to fractional-in-time processes are straightforward 4, 5, 8, 9, 10].
Development
Let X(t) be the position of a particle in d{dimensional Euclidean 
where M(d ) is an arbitrary probability measure on the unit sphere fx 2 IR d : kxk = 1g.
We call M the mixing measure, since (2) corresponds to a mixture of directional derivatives taken in each radial direction. Solutions to (1) with initial condition P X(0) = 0] = 1 yield every possible multivariable L evy motion X(t) with index 0 < 2; 6 = 1. The fractional di usion process is made up of many in nitesimal particle jumps, and the mixing measure M gives the probability distribution for the radial direction of those jumps. When = 2 we get multivariable Brownian motion, and in this case (1) Take Fourier transforms of (1) to obtain dP(k; t)
so that for our initial conditionP(k; 0) 1 we obtain P(k; t) = exp ?i<k; vt> + ct
Using ( 
Discussion
Every stable random vector is of the form b + UR where U is a random unit vector and R is a stable random variable which is maximally skewed and independent of U. The solution X(t) to (1) is of this form with mean b = vt and P U 2 A] = M(A). Since X(t) is a Markov process with stationary independent increments, the probability distribution M governs the direction of in nitesimal jumps. Numerical simulation of the fractional dispersion process X(t) can be accomplished by adding small jumps X(t+ t)?X(t) of stable random vectors. Each jump is of the form v t + UR where the jump direction U has probability distribution M on the unit sphere. In terms of the standard parameterization for stable random variables 6], the jump size R is centered stable with skewness +1 and scale satisfying = ?c t cos( =2), so R can be simulated using the formula of Kanter 15] . For < 2 the fractional dispersion X(t) is symmetric if and only if jumps in any direction are equally likely, while X(t) = (x 1 (t); : : : ; x d (t)) has independent components x j (t) if and only if jumps are restricted to the coordinate axes 6] p.68. For = 2 both randomly directed and orthogonal jumps generate the same Brownian motion. This property is unique to the multivariate normal 16] p.258. Di erent mixing measures M yield di erent processes when < 2, while for = 2 we saw in (7) Hence the fractional dispersion process X(t) = vt+L(t) described by (1) gives a very robust model for particle motions. Only some generic tail properties of the jumps must be speci ed, and every possible limiting process is obtained.
The formula (5) 
Summary
The connection between certain stochastic processes and their governing partial di erential equation is well known. In particular, Brownian motion implies a second-order di usion 
